Contents

[3 Conserved Quantities for the Plane Gravitational Wave Spacetime)

|4 Parallel-Transported Tetrad Method|

[ Explicit Solution of the MPD Equations to First Order in Spin|

7 Appendix A

|8  Appendix B|

9 Appendix C|

[LO Appendix D)

11

12

14

15

17



1 Abstract

In this work, we investigate spin-gravity coupling in a plane gravitational wave spacetime and explicitly
derive the Mathisson-Papapetrou-Dixon (MPD) equations for this metric. The motion of a classical
spinning particle in curved spacetime is one of the most fascinating problems in general relativity. The
dynamics of such a particle’s motion are studied using the MPD equations within the pole-dipole approx-
imation. These equations indicate that compared to the case of a spinless particle, there is a difference
in the particle’s motion, and it is possible for the particle to deviate from the geodesic path. In fact, due
to an additional term arising from the coupling of spin and spacetime curvature, acting like a force, the
particle deviates from the geodesic trajectory.

In this work, we focus on investigating spin-gravity coupling in the metric corresponding to a plane
gravitational wave in the Rosen coordinates. The reason we are interested in Rosen coordinates is that
their geometric and mathematical properties greatly simplify the calculations. Numerous studies exist
on solving the MPD equations to first order in spin in systems whose geometry is rich in symmetries.
For example, articles related to solving these equations in the Schwarzschild metric or the Kerr metric.
However, there are a few articles concerning the analytical solution of these equations for a general plane
gravitational wave spacetime such as [22], |21], [24], and [23], which we will refer to frequently.

The main focus is on the first-order approximation in spin. This approximation is suitable for many
cases because the ratio s/m is small, and spin orders higher than one can be neglected. At first order,
the MPD equations simplify remarkably, such that velocity and momentum become aligned, and we can
assume the spin magnitude is a conserved quantity.

In summary, in this work, we obtain an analytical solution for the MPD equations to first order in spin
in a general plane gravitational wave spacetime with arbitrary polarization. Our approach is as follows:
we construct a set of orthonormal tetrads that are parallel transported along the geodesic. We project
the spin vector onto these tetrads and observe that the components of the spin vector in this basis behave
like conserved quantities at first order in spin. This result is entirely due to the geometry of the problem,
the symmetries, and our solution method based on moving to Rosen coordinates. In fact, because the
metric for a general plane gravitational wave has been studied extensively, numerous symmetry proper-
ties have been discovered about it, some of which we will use to construct these conserved quantities.
Furthermore, we need three other conserved quantities to solve the MPD equations. Calculating these
quantities is where the role of spin-gravity coupling emerges.

All the solutions within this work do not rely on a specific choice of wave profile or particular initial
conditions; consequently, they are applicable to all plane wave profiles admissible in Rosen coordinates.
Throughout this work, we use the metric signature is ( - + + + ) and the natural system of units
G=c=1.



2 Introduction

We can describe the motion of a classical spinning particle using the Mathisson—Papapetrou—Dixon
(MPD) equations [4] [26] [7] [17]

DpH 1
g = g et S
DS = PtuyY — PYut
dr
where u* is %7 7 is an affine parameter, R*,,3 is the Riemann tensor,5*" is the spin tensor ,and P*

is the four-momentum.

It is necessary to impose a Spin Supplementary Condition (SSC) [16] to determine the solution of the
MPD equations uniquely.

We use the Tulczyjew—Dixon (TD) SSC [16] to specify the worldline of our classical spinning particle [7]
33|
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Additionally, we know that S** = e**¥ P, 55 [20]. Where e’ = — ghvaB is the Levi-Civita
symbol, and g is the determinant of the metric. Generally, P* and u* do not necessarily coincide.

Throughout our notes, we consider only the linearized equations (linear in spin), so we can write [33] [3]
21)

P* = mut + 0(52) *)

It is clear that, at linear order in the spin, P* and u* coincide. In addition, the MPD equations reduce
to [3] [21]

Du# 1
pek —§R“Vaﬁu”ea55/\u§s)\ +0(s%)
DSH
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dr
Using the last equation, and also S = erves P,ss [20], we clearly observe consistency with the
Fermi-Walker transport of the spin vector.(Z25 = 4¥uts,) [28] [10]

3 Conserved Quantities for the Plane Gravitational Wave Space-
time

We study the interaction of a classical particle’s spin with a plane gravitational wave propagating in the
z-direction, whose metric is given by

dS? = —dt* + da* + (1 — hy)dy? + (1 + hy)dz* — 2h, dydz
We are interested in standard Rosen coordinates [8], so we can rewrite the metric as follows
dS? =2dUdV + (1 — hy)dy* + (1 + hy)dz? — 2hydydz 5]

where




On the other hand, the polarization of a gravitational wave has the following two forms [14]

h(U) : + polarization modes of the gravitational wave |13][20]

hy« (U) : x polarization modes of the gravitational wave [13][20]

and U, in a sense, represents the retarded time, and V is advanced time.
We can construct the metric matrix and compute its determinant as follows

01 0 0
10 0 0
0 0 1—hy —hy
0 0 —hy 1+4hy

g=-1+h%+h}

g = det

It is clear that, given the form of the metric, adding a constant to the V| y, or z directions does not
change the metric. This indicates a symmetry along these directions, and we can define three of the
Killing vectors as follows

Kty = @) Ky = @) ki, = (02)"
K, =[0100] K =[0010] K =[0001]

The symmetries and Killing vectors in the background metric allow us to define a conserved quantity.
(For details of the proof, see [Appendix A|) This quantity is defined as follows [7] [29] [30]

1 1%
Jp = kP = SS"V,k,

Now, let us compute this quantity for each of the three directions U,y, and z. The conserved quantity
associated with the V direction is given by

R _ H IeY v feY 1 0 v 1 0 Ov
g = J\/ = gliyk(V)P — *25# C,/(guak(‘z)) = 901]‘3(\/)1 — *QS'UI Cy(gulk(v)) =1 — *25 Cy(l)

=0

e=PY (0)
which, in a sense, represents the longitudinal energy along the U direction. The conserved quantity
associated with the y direction is given by:

1
Ik, = Jr = guak(yP" — §S“”V,,(gwkf‘y))

Now, using the definition of the covariant derivative, we expand the above expression

o 1 v [e3 1 v 1 vy«
Ir = Guakiy) P" — 55’” (avk(y)# - Fuuk(y)a) = gu2P" — 55“ D k(yyu + 55“ Lok @)a

| S —
=0

Terms like the last one, which result from the product of a symmetric part and an antisymmetric part,
vanish.Now, by substituting the metric, we obtain

1 1
J] = (1 — h_;,.)Py — hxpz — isyyﬁy(l - h’-‘r) - §SZV8V(7hX)

hy and hy are functions of U only, so only their derivatives with respect to U are nonzero. Therefore,
we have

1 . 1 .
Jr=(1—hy)PY— hyP* + isyUm + §SZUhX (1)

Where the dots denote derivatives with respect to U. Now, we write the spin tensor in terms of the spin
four-vector and the four-momentum vector, and substitute it into the above expression. On the other
hand, we know that

EFLVO‘/B

V=9

S = PS5 [20]



Using the above formula, we compute the following components of the spin tensor

62013 1
20 — \/_79(10153 — p351) = ﬁg1M93V(P”s” _ P”s“)
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]. U _z U _y
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\/?

3012 -1
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where Pl"s"] is equal to P*s¥ — PV s,

Now, we substitute the above expressions into Equation

SzU —

- 2 hy [*s”] ey 4 L [75"] [*s"]
Jr=(1—hy)PY —hyP 2F< 1+ h)PU ] 4 o P )+5F<(1 hy)P hy P )
Jr=(1—hy)PY — hy P? P[ySU]hh h(1—h P[ZSU]hlh hh 2
1= =hg)P¥—hy +275g(+x+ ><(_+))_27/jg(+(++)+><><) (2)
Now, in a similar manner, we compute the conserved quantity associated with the z direction

1 1
Jr1 = Guaky P" — ,Sﬂ (Bukzyp — T8k ()a) = gusP* — iswayggﬂ + 55“’T,‘fﬂk(z)a
—_—
=0

1 1 =
Jir = —hyPY + (1 4+ hi)P? — =8%8,(1 4 hy) — =828, (—hy) 2=+,

2 2 hy=hx (U)

hy S S L] ]

_ Yy S _ S _ _ S
R R N ((1 +hy)P hy P ) NG ((1 hi)P hy P )

Jir = (1+ hy)P? — hy PY P[é]h 1+ hy) — hyhy P P[ysu]h 1= hy) — hyhy PL"]
= (1+hy)P* +2ﬁg(x(++)—+x )—ffg(ﬂ—ﬁ—xx )

3)

Jr and Jyj represent, in a sense, the conserved angular momenta along the y and z directions, respectively.
In the absence of spin, the above equations take the following form

0 z

7 = = (1= hy )P — hu P,

J9 = +h+)P( o) — hu Pl

where the index (0) denotes the order of O(s?). From the above equations, we can easily write the
four-momenta to order O(s°) as follows

(L+h )T} + b Jfy

Py = > (4)
. IO+ (1 —nh) I
Phy = — - +)J11 (5)



4 Parallel-Transported Tetrad Method

The conserved quantities €, Jr, and Jyy, which we obtained from the Killing symmetries of the plane
gravitational wave metric, are not sufficient to determine all the components of the momentum in the
MPD equations. In fact, unlike the spinless case, here the spin—gravity coupling introduces additional
degrees of freedom through the spin four-vector, and it is necessary to find other conserved quantities (still
to first order in spin) in order to fully solve the MPD equations. Next, we will use the method developed
by Skoupy, Witzany [32], and Marck [18] to construct a set of parallel-transported orthonormal tetrads,
and we will see that expressing the spin in this basis adds three additional conserved quantities.

We take the zeroth leg of the tetrad to be the four-velocity vector

el = ut (6)

Since utu, = —1, this tetrad is normalized.
One of the properties of a plane gravitational wave in Rosen coordinates is the existence of a covariantly
constant null vector field I* = (dy ) that satisfies the V,I* = 0 condition [1]. Consequently, we can
define the next tetrad vector as follows

1

ef = —(Ov)" +u* (7)

up
which is clearly orthogonal to the previous tetrad and has unit norm. We then introduce the other two
“primary” tetrads in the transverse plane as follows

o (Oy)" + wWhy —u?(1—hy)

62_\/1—h+ UO\/l—h+

[T —=hg (h(0y)" u gu? u
&=/ _g* (1_h+ +(9.) +7u0(1_h+)(3v) ) (9)

these two tetrads, together with the previous two, form an orthonormal basis.(For the full details of the
proof, see [Appendix BJ)

Now, let us consider the spinless case. In this case, the four-velocity is tangent to the geodesic, and we
denote this four-vector by ul. Clearly, in this situation, the first two tetrads we obtained are parallel
transported, but the last two tetrads are not. Since the transverse plane is two-dimensional, we can
rotate the last two tetrads by an angle 1 so that they become parallel transported. We define them as
follows

(Ov)* (8)

{ ey = eb cos () — €h sin iy }
efr,f = ég sin ¢(U) + ég cos ¢(U)

We then require that these two tetrads be parallel transported along u4, which leads to

do_ 1 [ w

dU — 2y/—g |1—hy
Based on the above equation, the full evolution of the rotation angle can be determined given the initial

conditions.(For the full details of the proof, see |Appendix C|)

Now, to take advantage of the structure we built with the tetrads, let us decompose the spin vector as
follows

L
st =srel +sprel + sprrel (11)

We do not consider the component along U because, according to the formula below, the spin vector is
orthogonal to it. In fact, we have

1
ro
st = —72 26“‘ BPVSQB
stuy, = 5 e“”o‘ﬁuuPySag P, = mu, + O(s?)
2M
m
Iz ~ praf —
stu, ~ € ULU Sag =0
DY Ve —— N oh
anti-symmetric in g, Y symmetric in p, v
Boy oy
stu,, ~ 0



Now, using the MPD equations to first order in spin, we have

DSHv ~0 Dde;:O dS] _ dSH o dS]][

dr dr  dr  dr
Which means sy, syr, and syy; are constants of motion. These three quantities, together with €, Jy, and
Ji1 are sufficient to provide a complete set of equations to fully solve the MPD equations.

=04 0(s%)

5 Explicit Solution of the MPD Equations to First Order in
Spin

In this section, we aim to explicitly solve the MPD equations to first order in spin, using the Killing
constants as well as the spin constants we have obtained. First, using Equations @, @, and
(11)} we compute the components of the spin vector.For the U component, we have

POS] Sr St
sY =uls; = Y = :5(—)—>5U:6(—>
m m m

51
m

By replacing 2L with s; (we are only renaming here!), we obtain

sV =esg (12)

Now, let us compute the y component of the spin vector in a similar manner, using Equations @ @

(7} B} [O) and [(A1]

s¥ = srel + srrey + srrre

cos . h« sin v h«
Y= Y) + — —sinY——=| + —— + COS Y ————ex
s¥ = sr(u¥) 311< T, iny —g(l—h+)> 5111( T, (U —g(l—h+)>
(Sl) Srrcos + sprrsintyy  srrrcosy — srrsiny

X
m i —g(1— )

& (1 +h+)JI(O) +th1((I)) (ﬂ) N srrcost + sprrsintyy  sppycost) — sypsina (3L)—rs1

y _ py
s _P(o)

- m VI —g(l—hy)
w_ (14 hy)Jr 4+ hyJrr o 4 511 costp + spprsiny - sprrcosy — sy sinlﬁhX (13)
g V1I—hy —g(1—hy)
Similarly, for the z component, we have
s = spef + spres + si€;
1—h 1-~h )=
SZ:SIUZ+SII\/?(_Sinw)+SIIICOSw —g+ e
1—h
§% = P(ZO)SI + \/?(s” sin + sy cos )
hoJr+ (1 —hy)J 1-h
g = I ( +) sr+ _7+ (—srrsiny + srrrcos) (14)

-9

Using Equations [(0)] and as well as Equations |(12)] |(13)l and |(14)| one can form a system of
linear equations and compute the four-momentum to first order in spin. We can write the four-momentum
as the four-momentum in the spinless case plus first-order corrections in spin, as follows

1+h h
v — Jr(L+hy)+ Jrr(hx) JrFL(]y)SU +Féy)gy + FWg? (15)
—-g
1—
P hyJr + (_g hy)Jrr +F[(]z)SU+F?§z)sy+FZ(z)SZ (16)

where the functions F' depend only on the retarded time U. An important point to note is that we have
written the first term without the (0) indices. In fact, since we have the quantities J themselves — and



not merely their zeroth-order values in spin — we write the quantity itself in the first term instead of
explicitly indicating the zeroth order.

We assume that the first-order spin contributions in the first term are effectively absorbed through a
suitable redefinition of the coefficients F', such that the total expression remains consistent with the
previous equations. In other words, this is nothing but a redefinition of the coefficients F'. We are free to
appropriately redefine both the coefficients F' and the first term so that the sum of the correction terms
and the leading term remains unchanged and consistent with the earlier equations.

Moreover, according to the assumption stated at the beginning, we neglect terms of order higher than
second in spin. By substituting Equations and into Equations and and equating the
coefficients of the independent components of the spin vector, the functions F' can be determined. The
results are as follows

—e[(1 4 hy)Co + C3hy]

Fz(y) — > (17)

Fz(z) _ _€(CQh>< +_(gj3(1 — th)) (18)
() _ € (Cl(hi - g) - C4h><(1 - h+))

B = —g(1 = hy) (9

Fy(z) _ E(Clhx __C.;l(]- — h+>) (20)
@) Ca(h% —9)Q% + (hy (1 — hy)Cy — Ci(h% — 9))QY

o= g = hs) )

F[(]Z) _ CoQ%hy + [—hxcil;' (1= hy)Ca] QY (22)

where

hyhy + hy (1= hy) By (1 4+ hy) + hychy B (1 4+ hy) — hyhy
Cl = CQ = C3 =

2/ N ' 29

Cyim hy(1—hy) — hyhy 0V = Jr(1+hy) + Jrr(hy) 0" — hoJr+ (1 —hy)Jrg
2v/=g -9 -9
For the full details of the derivation of the above equations, see
According to Equations [(¥)] and [(0)} we have

v, PY ¢ x
dT_u_m_m (%)

The retarded time, U, is similar to an affine parameter along the particle’s worldline. Using the chain

rule, we have
dy _ wv _ Pl
dU e _,
dz _ u P _ Py

au ul pPU e

Wl
[ETE

By integrating the above relations, we arrive at the general form of the solution for the transverse
coordinates

1 U

Yyw) =Yo) + = P(yU,)dU/ (23)
€ Jo
1 (v

By dividing the background metric equation by dU?, we have

ds?  _dv dy \ 2 dz\? dy dz
D _ 9% (1- 4 1 G2 _gp, 0¥ 22
az = 2gg the) (dU) +d+he) (dU) " G0 ao



Now, from Equation @ we obtain

1 m\2 dv dy 2 dz\? dy dz
- =— (=) =2 - +(1- =2 1 ) —on 22
(Pl>2 (7) =25+ h+)(dU) * +h+)<dU) " G0 do

Using x = _(\J/%V, we obtain

di — ;1 1+ dl
au 2 au
By substituting the above expression into the metric equation, we have
my 2 dx dy 2 dz\? dy dz
— (=) =2|-vV2= 1|+ —-hy) (-2 14+h)(—=) —2hy-2-2
(s) [\[dU }H +)(dU> +(+ +)(dU> *dU dU

Finally, by integrating the above expression over the retarded time, we obtain

U 1 v dy 2 dz \? dy dz m\ 2
= -— 4+ — ai’<{ (1—nh 1+h — | —2h —
O =IO ﬁ+2\/§/0 v {( +)(de) 4+ +)<de> (%)
(25)

To fully determine the worldline of a particle in the presence of a plane gravitational wave, the six
conserved quantities we previously established (e, Jy, Jir, S5, 811, 8117), must be fixed using the initial
conditions at U = 0. According to Equations @, and specifying the initial position four-vector,
the initial four-momentum at U = 0, and the initial spin vector is sufficient to determine these conserved
quantities. (Clearly, since these quantities are conserved, their values remain constant at all times;
therefore, once we compute them at U = 0 based on the initial physical quantities such as position,
four-momentum, and spin vector, their values at any other time are automatically fixed.)

The only gauge freedom that remains is ).

6 Discussion

The spin evolution equations are given by equations [[2] [[3] and [I4 Let us examine this set of equations
for a particle that is initially at rest, in the case where the particle’s spin is aligned with the direction
of wave propagation (the x-direction). We know that the six conserved quantities we have calculated
remain constant at all times. Therefore, to determine their values, it is sufficient to evaluate them at
the initial time (U = 0). Since we have assumed that the particle is initially at rest, it follows from

Equations and that J; and Jr; are equal to zero. Given that these quantities vanish, F((]y) and

F,(Jz) are also zero, which means that the sV component does not contribute to the momentum. On the
other hand, since we have chosen the spin to be aligned with the direction of wave propagation,
together with the orthogonality of the tetrad basis we constructed, implies that the components s;; and
srrr are zero. This means that all first-order spin corrections in the equations vanish, the momentum
reduces exactly to the spinless case, and the particle’s trajectory becomes the same as the geodesic.
This implies that, to first order in spin, the gravitational wave does not couple to a particle whose spin
is aligned with the direction of wave propagation.

Another case that we are interested in examining is the situation in which the particle’s spin is perpen-
dicular to the direction of propagation of the plane gravitational wave and has no component along the
propagation direction.

Using equations (12} [I3] and [I4] which describe the spin evolution, and assuming that the polarization of
the gravitational wave is given by hy = hsin (nU) and hy = hsin (nU + 9), Figure [1| can be plotted for
different values of § to illustrate the spin evolution.

The evolution of the spin vector has previously been studied within various frameworks of the standard
theory of gravity. An important point is that, given the particular way we set the polarization of the
gravitational wave, the plots drawn in Figure[I]are very similar to the spin-evolution plots of a gyroscope
in the Earth’s gravitational field in the linear-gravity regime. In fact, the spin precession predicted by
Lense—Thirring precession [27] [20|, particularly when viewed in the framework of Gravitoelectromag-
netism [19] [13] [20] [6] [12], is very similar to the precessional motion that we have derived here using the



MPD equations, although for the plane gravitational wave metric. Another important point is that for a
gyroscope in Earth orbit the precessional motion is a combination of two types: one is the Lense—Thirring
precession and the other is the de Sitter precession @H , which arises from the parallel transport of
the gyroscope’s spin vector. The de Sitter precession was found to be fully consistent with the results of
the Gravity Probe B experiment . This parallel transport is exactly what we initially obtained as
Dds: = 0, the linearized form of one of the MPD equations, and it is fully consistent with Fermi—Walker

transport. As a result, it appears that the spin evolution equation in the linear regime is the same
for the de Sitter precession and plane gravitational wave (DdSTM = 0). Therefore, the similarity between
the graphs was not unexpected. The differences observed between the graphs arise from the differences
in the metric governing each of the phenomena. Ultimately, studying the MPD equations can provide
a framework for looking at the spin-evolution problem from another approach and for comparing the

consistency of different methods in describing spin evolution in gravity.

h4 =hsin(nU), hx = hsin(nU +6)
[h=0.001, n=1.0, £=1.0, s=1.0, s;; =s,,,=s/»3, U€E[0,200m]]
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Figure 1: Spin Evolution
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7 Appendix A

We start with the Killing equation and then take the covariant derivative of it.
Vakﬁ + V[}ka =0 l2]

— Vu,Vaoks +V,Vgk, =0

V. Vaksg + [Vl,, V,@]kﬁa +VgVyky =0

where k is Killing vector.

According to the definition of the Riemann tensor based on the commutator of covariant derivatives [34],
we have

Vo Vaks = R avsky — V5V, ka
Vika + Vaky =0 = Vi Vika +VVak, =0 % V,Vaks = RV avsky + VsVak, —

—Vaky
V,,Vakg = Rﬂya,,/gk,y + [V/@, V(X] k., + V(XVBkV = Vavlgk‘y + R,,ylgak"y — Ra7y5k7 = —Vav,,k‘@ + R,,%Bak"y
—_——
—R“{Dgak‘,y
VaVikis + Vi Vaks = (Rirga = Rawa)k?
[von Vl/]k,@ = _Rvﬁw/]ﬂ
ZVOCV,,/{;B = (Ryrylga — R,X,YU@ — R,yﬁal,)ki’y

{wavukﬁ = (=Ryupa + Ryawp — Reypon)k

_>
R’Wﬁa + R'ywﬁ + Rvﬁau =0
VaViks = Ryausk”
VaViks = R aupk, (A1)

Now, according to the identity we proved, we demonstrate that J is a conserved quantity

1
Ji = kP! = SV,

dJz 1 DPH* 1
£ = uVa(kuP") = SuVa(S" Vo) = u*(Vaky) P! 4 k= = Su®(VaS™ Yok, + S* VoV, k)

— Royupk”

dr

dJE 1 v B 1 v v

o = PruNV ok, + Ky —iR”mgu S — iuo‘ (VaS*'V kY 4+ S*'N oV k)

Using Equation [(A1)] we have

dJ“ e 1 vV Qo 1 [e3 v 1 [ v

d—Tk = PuVaky — 5 R yaphyu” S p_ FU VSV ok = Sut SR 0k

d‘]]; o, o 1a nv [T 1;¢y [ ) 1uv 1uu
W:P u Vak‘”—§u (VoaS*)V k= Plu Vaku_i(P u’ — P’u )VVkH:§P u V,,ku+§P u'V,k,
dJy

1 1 1
w, v V) v v, W, v v voop
72(Pu +Pu) uk,uu V2(Pu <|PU)CMICV* Q(P’UJ +PU);1/]{3;L =

dJ; 1

’:7Plj'l/ PV/”L frd
o 2( u’ 4+ P"u")V, k, =0
dJy

k

:O
dr
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8 Appendix B

What we are going to do here to construct orthonormal bases is very similar to the Gram—Schmidt
process. We have four vectors in the directions U,V ,y,and z. We want to construct four orthonormal
vectors from the linear combination of these vectors. Throughout the Calculations, we make use of
relation e*se”; g, = 1,5 [25).

el = ut

" : Tt is a covariantly constant null vector field {#l, =0 V,I* =0

"= (oy)*

"=(0100)
Now, we consider the second vector, which is along the V' direction, and add it to the set and construct

a tetrad from a linear combination of {* and u*. This tetrad must have unit norm and be orthogonal to
the previous tetrad. By imposing these two conditions, we determine the unknown coefficients.

et = A" + Bu"

’U/Helf =0 — Al“’u,u —B=0 — B = Al#uu N e/f _ A(lp, + lauau“)

et : normalization — A2(I* + [®ugut) (L, + 1uau,) = 1 = A2(I"1, +(1%Ua)? + (1%ua)? — (1%us)?)
~—

0

i 1
1= A1) 2420 4 =
[®uq,

1
%uy = lo‘uﬁgaﬁ = lluﬂgw = uﬁgm =u =5 |A= -
I 1 “w 0, 1 M 1 14 M
el :E(l +u'ut) = | e :@(6‘/) +u

normalization v
(D) = C2(9,)M(9y) gy = 1
i 1 oy )P

C2(0,)2(0y) g2 =1 = C*(1—hy) =1 25 C = = (9y)" = _Or

(az)u normalization D2 (az)u (az)l,gl“/ -1

D2(0.)%(9.)%g22 =1 — D*(1+ hy) =1 222% p = = (9" —

VIthy VI+hy

Now, we add the third vector, which lies along the y direction, to the set. By again imposing the two
conditions — unit normalization and orthogonality of the new tetrad to the previous two — we determine
the coefficients. It is clear that since this tetrad must be orthogonal to the first tetrad, which lies along
u, and since utu, = —1, it must not contain any term proportional to u. In other words, the coefficient
in front of u in this tetrad (and also in the next tetrad we will construct) is zero.

Oy )* Oy
ég:A(‘?V)“"'B% éguuzo —>Al”uu+3iu =0

\/1*}1_‘_ N~ I*h_;'_ "
u0

B
Au® + ——=—==[(9,)*u"g2,] = 0
U m[( ) u” 9o
Au® + L[uzgzz +u3923] = Au® + L[Uz(l —hy) +u3(*hX)] =0
m m
A= D [h (1~ hy)
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B udhy —u?(1 —hy)

ég = \/ﬁ u0 (aV)“ + (ay)#
— Ny
=X
normalization B2 1 m
1—hy [X(Ov)" + (9y)"][x(Ov ) + (Oy) ] =
BQ
DCOv) (v)' gu +2x(8v)'(9y)? g1a +(8,)%(8,)* g22 ] =1
1—hy ~~ ~~ <~
=0 =0 =1—hy

. w Bhe — u2(1 =

w820 g g | er = ) Whx w1 h+)(5v)”

> /1—h, - u0\/T— hy

Again, we proceed in a similar manner. This time, we add the vector along the z direction and impose
orthogonality to the other tetrads as well as the unit normalization condition.

&5 = A(9y)" + B(0:)" + C(ov)"
& = a(9y)" + B(ov)"
From the orthogonality of tetrads 2 and 3, we have

Bhi
1—hy

(A(0)" + B(D.)" + C(0v)") (D) + BOy)y) =0 — AL — hy) — Bhy =0 — A =

m
;] <fllx_(iy+)

e — (8\/)#

1 UO

+ (c’L)") + C(0v)*

+ ut

From the orthogonality of tetrads 1 and 3, we have

— (B (}1”_(%’3“ + (82)“) + C(av)#) (%VO)” + uu> =0

Bhx (9,)"

ZRET 4 B(D.) uy, + C (9y ) u,, = 0
1—h, N

u0

B h>< 2 3 3 2 B
Bu? <l—h3_—h2x> gBu?

’LLO 1—h+ - uo(l—h+)

—h2 3
X
1
1—h++ +h+)u

h>< (3y) " " gu3 u normalization
T—h, PO LRy @) ) T

(

1= (300 s o) (B0 s o), I, )
(
B

1
W, (1=hy)  B% B Cah) =B 1—h% —h2
(I=hy)?2  (A=hy)?  (1—hy)? ) 1—hy

2. . _
1= _ g #B>0 | p 1—hst N
L —=hy -9
_ [1—hy [(hy(9)" gu’
o + x\My I H
ek - (1 — + (0" + W0 =) (Ov)
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9 Appendix C

let u* be Geodesic u* = u_ﬁ;

Dut Del
—2 =0 It is Geodesic equation — % _
dr dr
De¥ _ 1 D N Dul 0

dr w0 dr dr

~—~ ——
u*V o l#=0 =0

Dell  De¥
e e ) they are parallel transported
dr dr

Deg 40 Deg 40

Clearly, tetrads 2 and 3 are not parallel transported. First, we construct new tetrads by rotating them
by an angle v, and then we require that these tetrads be parallel transported along the geodesic.

{ ey = &5 cos () — € sin

o ~ VWoeh =u'V, ek =0
ey = &5 sintp(yy + €5 cos P } Ug Vr€y = Ug Viey

L ~lL ~L - dy -

ut |V, costp — Ve siny — e sin) 3570y, — é cosde(?UV =0 T — dw(;
s ” ~L dyp U v€y = €3 AU (UIJ

ut |V, ey sint + V&4 cos ) + e cos 550y, — €4 sin 1/)@ uv| =0

dﬂf o ivu%

v u?

Now, we compute the following quantities

v

u
quu(ay)u = ’u’yrlja(ay)a = UDF52 = 7.9”&(9(111,2 + 9200 — gu2,a)
1
u’V, (0y)" = 5(“09“292270 + 1’9" gas.0 — u?g"0g22,0 — u g g32,0)
1 ) . ) .
WV (0y)" = 5(—u’g"?hy —ug" hu + ug"hy 4w’ Ohi)

Based on the above relations and Equation @ we have

3 4 1 [1—=hy [h(0y) gu? . . . .
eiu Vy(ay)l” — 5 _g+ |: 1><_ }g;/+“ =+ (az)# + m(a‘/)# |:_uog}l«2h+ — uOgM3h>< + u29M0h+ + u?’gﬂohx}
1 [1=hy | —hyulh . w® |1 —hy | hyh ,
~31/Va [ + X +_Oh __ + X o+ i
V0" = o\ 1—h, 0 o\ =g |1-n T
L 1 [1—hy | hyhy
u? Y e s i S S
0 IL v (a ) 2 —g [1 — th + X

where F() is a function that depends only on U.

_ 1—hy |hyhy(1—hy) hih 1 1

3 + +/tx + +/0x 3 3

Vl,e = = — + eV, (0 = ———=¢€ V,(9,)"
’ \/79[ 21— hy)? 2(1h+)3] T VO = ==tV (9

u’é3v, el u” -1 hyh .
n Y v _ ~3 - X T4 i
TS Wm0 = s T, T
Ay —1 [ huhy
wy _ h
U~ 2v=g [1 T,
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10 Appendix D

hyhy + Ay (1 - hy)
2=

hi(l—hy)—hyxhy
2v/—y

Based on equations and we have

{JI = (1= hy)P¥ — hy P* 4 Cy(PYsU — es%) 4 Cy(es® — P*s¥)

Cli

04 =

Jir = (1 +hy)P? — hy PY + C3(—P?*sY 4+ £5%) + Cy(es¥ — PYsY)

Jr = (1 — h+ + ClsU)Py — (OQSU + hX)PZ +€(CQSZ — ClSy)

Jir = —(C48Y + hy)PY + (1 + hy — C38Y)P? + &(C35* + CysY)
Now we define the following quantities

QY = J[(l + h+_)g+ J[[(hx)

Or 1 it (L h) iy
)
{ PY — JI(1+h+2;']II(hx) +F[(Jy)SU +F35y)5y + Fz(y)sz }

pr = Qb 4 DGV 4 B s 4 B s

Now we substitute the momenta from the two equations above into the set of Equations

Jr=(1—hy)QY+(1—hy) (F[(;’)sU +EWsy + Fé”ﬁ) +C1QYsY — hyQ?
“hy (F@%U FEP s 4 FZ(Z)SZ) — sV Q7 + £(Chs® — C18Y)

Jit = Q¥ = hoe (FPsV + Fs0 + FYs7) = CusVQV 4 (14 hy)Q?
+(1+hy) (FI(JZ)SU + Féz)sy + Fz(z)sz) — 035V Q% + &(C35* + COysY)

We calculate the following expressions

(1 —hi)J[ + (1 — h+)hXJ[[ n h%(J[—l-hX(l —h+)J[]
-9 -9
:J[—JIZO —

Jr—1—=h)QY +heQ*=Jr —

+ gJ[+JII(h><(]. _h+) —hx(]. —h,+))
-9

Jr— (1= he)QY + hxQ* =0

:JI

ho(l—h)Jr+h2Jr —he(1+h)J— (1 —h2)J
Jrr+hxQ* = (1+hy)QY = Jrr + « )1+ Wi = Bl +)J1 = ( +) = g+

-9
Jrr+hxQYV —(1+hy)Q* =0

9J11
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Now, by equating the coefficients of the independent components of the spin vector, we have

(1= h)FY +C1QY — hy P — CoQ* =0
(1—hy)EW — hy F{P) —eCy =0
(1—hy)FW —hy F&) 40y =0
— he P = CaQY + <1+h JF =0
—hy FY + (1+ hy)FP) +eCy =0
— hy FW 4 (1 - h+)FZ(Z) +eC3=0
he ChQY — W2 B — C3Q%hy — CaQ¥(1 — hy) + (1 — h2)FF) =0
QY [hxCy — (1 — hy)Cy] — CoQhy = FP (R + 1% — 1)

g

) _ CQ N 4 [=hy G+ (1= hy)Ci QY
v —g
h 5, —9(CQ* — C1QY)
L
p) _ C2QHE + b (1= hy)Cs — hxC1)QY + CrgQ¥ — CrgQ*
" —g(L=hy)
g _ Coll% = 9)Q7 + (hx(1 = hy)Cy — C1L(F% — 9)Q”
Y —g9(1 —hy)

D2)I(D5

Y

— gF®) +&(Cy(1 — hy) — Crhy) =0

F(z) _ 5(Olh>< - 04(1 — h+))
Y -9

F) — eCi + hxFy(z) _ eC1(—g) hy e(Cihy — Cy(1 —hy))
Yy 1—hy —g(1—hy)  1—hy g

p _ E(C1lBs —9) = Cahx (1= hy))
’ —g(1—hy)

CR2E® 1 Oyhy + (1 h2)FE) 4 eCa(l —hy) =0
—gF® 4 ecghx +eC5(1—hy)=0—

FO = —£(Cahx + C3(1 — hy))

—g
FW — ! J};h+ FE 4 2& _ —e(1 4 hy)(Cohx ZhCB(l —hy)) —eCsg

X X - X
FW = ——[(14 hy)(Cohx + C3(1 = hy)) + Cag] = —— [(1 4 hy)hx Cy + C3h%]
ghx ghx

Fz(y) _ —¢ [(14 hy)Co+ Cshy]

—g
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